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Quantum teleportation is the transfer of quantum information between two locations by the use
of shared entanglement. Current teleportation schemes broadly fall under one of two categories, of
either qubit or continuous variables teleportation. Spin coherent states on spin ensembles can be
teleported under the continuous variables approximation for states with small deviations from a given
polarization. However, for spin coherent states with large deviations, no convenient teleportation
protocol exists. Recently, we introduced a teleportation scheme where a spin coherent state lying
on the equator of the Bloch sphere is teleported between distant parties (Pyrkov & Byrnes New. J.
Phys. 16, 073038 (2014)). Here we generalize the protocol to a spin coherent state with an arbitrary
position on Bloch sphere. Our proposed scheme breaks classical bounds based on communication
in the unconditional case and quantum state estimation with postselection.
PACS numbers: 03.75.Gg, 03.75.Mn, 42.50.Gy, 03.67.Hk
I. INTRODUCTION
Quantum teleportation [1, 2] is one of the most enig-
matic protocols introduced so far in the field of quantum
information, allowing for the transfer of quantum infor-
mation assisted by an entangled state. Teleportation has
been experimentally realized using a variety of systems
ranging from those using photons [3–5], atoms [6–8], and
hybrid systems [9, 10]. For larger objects involving many
particles, teleportation is typically more difficult due to
the quantum-to-classical transition. This is attributed
to the fast decoherence such macroscopic objects suffer,
where the large number of particles accelerate the rate of
decoherence [11, 12]. Nevertheless, there have been sev-
eral experimental demonstrations of entanglement gen-
eration and teleportation between macroscopic objects
[9, 13–17]. For example, spin polarized atomic ensembles
were used to form continuous variables (CV) [18] and en-
tanglement was generated between two ensembles [14].
More recently, teleportation was accomplished both in
the CV framework [16] and using spin wave states [17]
between two atomic ensembles.
What allows for these experiments involving macro-
scopic objects to succeed, despite the large number of
particles involved? To answer this question, it is impor-
tant to consider the types of quantum states that are
involved. While these experiments are macroscopic in
the sense that there are a large number of particles in-
volved, in terms of the quantum mechanical degrees of
freedom, typically a relatively small fraction of the total
Hilbert space is used. For example, for CV teleporta-
tion using ensembles, typically the spins are polarized in
the Sx-direction, and the remaining spin directions form
effective position and momentum variables [18]
x =
Sy√
N
p =
Sz√
N
, (1)
where N is the number of atoms in the ensemble, and
Sx,y,z is the total spin of the ensemble in the x, y, z di-
rections. The teleported states are then small displace-
ments from the completely Sx-polarized state on the
Bloch sphere [16]. For large displacements the Holstein-
Primakoff approximation breaks down, and (1) cannot be
regarded as quadrature variables. In the experiment of
Ref. [16], the mean displacement from the vacuum state
is typically less than 10 spin flips from the completely
Sx-polarized state, a tiny fraction of the 2N -dimensional
Hilbert space used with N ∼ 1012 atoms involved. For
the protocol in Ref. [17], the teleported state is a sin-
gle particle excitation from the completely spin polarized
state
1√
N
∑
n
eik·rnσ+n | ↓↓ . . . ↓〉 (2)
where k is the momentum of the spin wave state encoding
the state to be teleported, rn is the physical location of
the nth spin, and σ+n flips the nth spin on the ensemble.
Here only a single spin flip from the completely polarized
state is involved, in this case with N ∼ 108.
Both the spin wave state and the coherent state are
known to be relatively robust in the presence of decoher-
ence [19]. This is unlike for example a Schrodinger cat
state
α| ↑↑ . . . ↑〉+ β| ↓↓ . . . ↓〉, (3)
where α, β are arbitrary coefficients to be teleported with
|α|2+ |β2| = 1. The state (3) has a decoherence rate that
2is enhanced from the single particle value by a factor
N2, where N is the number of particles in the ensemble.
While it is not difficult to propose a teleportation based
on states such as (3), this would never succeed under
realistic circumstates due to this enhanced decoherence.
The success of the CV and spin wave approaches experi-
mentally can therefore be attributed are relatively robust
nature of the states involved.
The small portion of the Hilbert space involved in
the approaches of Refs. [16, 17] may suggest that tele-
porting a macroscopic state involving all 2N states in
Hilbert space is a difficult task. While there have been
works showing that in principle a general state could be
teleported by generalizing qubit teleportation techniques
[20], for macroscopic objects these are prohibitively com-
plicated as it requires microscopic control of each particle
in the object. In order to be experimentally realizable,
a prospective macroscopic teleportation protocol should
involve a relatively small number of steps and be robust
under decoherence. In this paper, we propose precisely
such a protocol.
Recently we introduced a protocol for teleporting a
spin coherent state between two spinor Bose-Einstein
condensates (BECs) by the use of shared entanglement
[21]. The type of quantum state that is teleported takes
the form
|α, β〉〉 ≡ 1√
N !
(αa† + βb†)N |0〉, (4)
where creation operators for the two hyperfine states of
the BEC a†, b† obey bosonic commutation relations, and
N is the number of bosons in the BEC. Due to the equiv-
alence of the algebra of total spin operators, the scheme
equally applies to spin ensembles [22]
|α, β〉〉 ≡
⊗
n
(α| ↑〉n + β| ↓〉n). (5)
It can be seen that the state (4) and (5) involves the full
Hilbert space in each case, depending upon the choice
of the parameters α, β. Our scheme introduced in Ref.
[21] was restricted to states that lie on the equator of
the Bloch sphere. Using the standard Bloch sphere
parametrization α = cos θ2e
−iφ/2, β = sin θ2e
iφ/2, this cor-
responds to the restriction θ = pi/2. In this paper we
extend the scheme to an arbitrary spin coherent state on
the Bloch sphere. This is done by generalizing the pre-
vious protocol by using two different entangling channels
for the θ and φ spherical coordinates. The number of
operations we use in the protocol is independent of the
number of atoms N in the BEC or ensemble. Despite
the increased number of spin ensembles used, remark-
ably only a binary classical correction variable needs to
be sent. We show that in terms of the amount of informa-
tion that is transmitted, it exceeds the classical values,
which may be attributed to the entanglement between
Alice and Bob.
It is clear from the structure of (4) and (5) that the
quantum information is duplicated N times in a spin co-
herent state. Such a structure is attractive from a quan-
tum information standpoint since it adds a robustness
via duplication of the information. Thus unlike single
qubit systems (not involving quantum error-correction)
where a single quanta of external noise can destroy the
quantum information, even a loss of some fraction of the
number of particles in (4) does not result in complete loss
of the quantum information, it merely contributes to a
diminished signal amplitude. Previously we proposed a
method of using such spin coherent states for quantum
computational purposes, exploiting the analogous prop-
erties to standard qubits [23]. While the approach has
similarities with CV approaches, by using all states on
the Bloch sphere - not just those in the vicinity of a
given polarization direction (e.g. Sx) - one can no longer
treat the system in terms of bosonic modes, and thus
goes beyond the CV framework. The present proposal
adds another protocol to the list of quantum information
tasks that are possible with the approach [21, 23–27].
II. THE TELEPORTATION PROTOCOL
The aim of the teleportation protocol will be to trans-
fer an unknown spin coherent state |α, β〉〉 between two
parties by the use of shared entanglement. We continue
the tradition and call the heroes of our protocol as Al-
ice (sender) and Bob (receiver). We will allow Alice to
have ancilla BECs or ensembles, initially in a spin co-
herent state, to assist in the teleportation protocol. We
parameterize the spin coherent state to be sent as α =
cos θ2e
−iφ/2, β = sin θ2e
iφ/2, with θ = [0, pi], φ = [−pi, pi].
Without loss of generality, we shall restrict our presen-
tation to the BEC case (4), as the translation to the
spin ensemble case can be performed straightforwardly
[22]. Following previous works [23] we shall call the spin
coherent state (4) a “BEC qubit” due to the analogous
properties this case with standard qubits. We emphasize
that the BEC qubit (4) is strictly not a genuine qubit as
it is clearly not a two level system. However, the analogy
will be useful as it contains the same information as a
standard qubit in terms of the parameters α, β, but with
a different encoding.
In the previously proposed equatorial state teleporta-
tion of Ref. [21], one additional ancilla BEC qubit was
used by Alice, as shown in Fig. 1(a). An outline of
the equatorial protocol is as follows. Initially Alice has
an unknown spin coherent state with angle φ along the
equator of the Bloch sphere (θ = pi/2). Alice’s ancilla
BEC qubit and Bob’s initial state is in the Sx polarized
state, i.e. φ = 0, θ = pi/2. Entanglement is produced be-
tween BEC qubits 1+2 and 2+3 (as defined in Fig. 1(a))
with an SzSz interaction applied for a time t = 1/
√
2N .
After application of an Hadamard gate on BEC 1, a num-
ber measurement is made on BECs 1 and 2. A binary
variable based on the measurement result is sent between
Alice and Bob, from which Bob makes a classical correc-
tion to complete the teleportation procedure.
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FIG. 1: The schematic teleportation protocol. The aim is to send an unknown spin coherent state on BEC qubit 1 owned by
Alice to Bob. (a) The equatorial teleportation protocol as introduced in Ref. [21]. (b) The full Bloch sphere teleportation
protocol considered in this paper. Wiggly lines denote entanglement created using an SzSz interaction.
An intuitive explanation how the equatorial teleporta-
tion scheme works is as follows. An SzSz interaction is
known to create quantum correlations between spin co-
herent states lying on the equator of the Bloch sphere
and Sz-eigenstates on the other BEC qubit [28]. In the
teleportation protocol the entangling step between BEC
qubit 1 and 2 produces φ1-S
z
2 correlations. By produc-
ing SzSz entanglement between BEC qubit 2 and 3, this
maps the correlations back from the Sz eigenstates on
BEC qubit 2 to equatorial spin coherent states on BEC
3 (Sz2 -φ3 correlations). In total this creates φ1-S
z
2 -φ3 cor-
relations, creating entanglement between equatorial spin
coherent states on BEC qubit 1 and BEC qubit 3. By
measuring out BEC qubits 1 and 2, the original state on
BEC qubit 1 is teleported to BEC qubit 3. Due to the
randomness of the measurement process, Alice needs to
send her measurement result to Bob so that he may make
the necessary corrections.
Our full Bloch sphere teleportation protocol general-
izes this procedure by using two ancilla BEC qubits, la-
beled by BEC qubits 2 and 3 (Fig. 1(b)). The basic idea
is to use two channels for the two variables θ, φ. BEC
qubit 2 contains the correlations for the φ degree of free-
dom, such that after the entangling steps are performed,
φ1-S
z
2 -φ4 correlations are produced. BEC qubit 3 takes
care of the θ degree of freedom, mediating θ1-S
z
3 -θ1 cor-
relations. As before, once the suitable entanglement is
created, BEC qubits 1, 2, and 3 are measured out in
the number basis. A binary variable is based on Alice’s
measurement result is sent, from which Bob performs a
classical correction procedure.
We now describe the protocol in detail. Before the
teleportation, the initial state of whole system is
| cos θ
2
e−iφ/2, sin
θ
2
eiφ/2〉〉1| 1√
2
,
1√
2
〉〉2
× | 1√
2
,
1√
2
〉〉3| 1√
2
,
1√
2
〉〉4. (6)
The aim is to teleport an unknown state on BEC qubit 1
(Alice) to BEC qubit 4 (Bob). The protocol then follows
the following sequence.
1. Apply the entangling gate −Sz1Sz2 for a time τ2 =
1/
√
2N between BEC qubits 1 and 2
2. Apply a Hadamard gate on BEC qubit 1 of the
form a† → 1√
2
(a† + b†), b† → i√
2
(a† − b†)
3. Apply the entangling gate −Sz1Sz3 on BEC qubits
1 and 3 for a time τ3 = 1/
√
8N
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FIG. 2: Full Bloch sphere teleportation probability distribu-
tions of measurements on Alice’s qubits p(k1, k2, k3) for (a)
k1 = N, k3 = N/2, θ = pi/2; (b) k1 = N , k2 = N/2, φ = 0;
(c) k1 = 0, k2 = N/2, φ = pi. Position of probability density
peaks for k2 = N/2, k3 = N/2 for constant (d) θ and (e) φ.
Red lines show analytical formula and dots are numerically
obtained results. All calculations presented with no dephas-
ing (γ = 0) and N = 100.
4. Apply a Hadamard gate on BEC qubit 1 of the
form a† → 1√
2
(a† + ib†), b† → i√
2
(a† − ib†)
5. Apply the entangling gate Sz2S
z
4 on BEC qubits 2
and 4 for a time T2 = 1/
√
2N
6. Apply a Hadamard gate on BEC qubit 4 in the
form a† → 1√
2
(a† + ib†), b† → 1√
2
(a† − ib†)
7. Apply the entangling gate Sz3S
z
4 on BEC qubits 3
and 4 for a time T3 = 1/
√
8N
8. Measure BEC qubits 1, 2 and 3 in the |k〉 basis
9. Classically transmit the binary measurement result
σ1 = Sgn(2k1 −N) to Bob and perform the trans-
formations φ→ φ+pi(1−σ1)/2 and θ → σ1θ+pi/2.
The state of the BECs then evolve as follows. After
Step 1 the state is
1√
2N
N∑
k2=0
√
Ck2N
× | cos θ
2
e−i(φ/2−s2τ2), sin
θ
2
ei(φ/2−s2τ2)〉〉1|k2〉 (7)
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FIG. 3: The probability of obtaining a particular outcome k1
in the teleportation protocol defined as
∑
k2,k3
p(k1, k2, k3) for
(a) θ = pi/2 (b) θ = pi/4 (c) φ = 0 (d) φ = pi as a function of
the initial states as shown. All calculations are with N = 100.
where sj = 2kj −N . Following Step 2 we have
1
2N
N∑
k2=0
√
Ck2N | cos(φ/2− s2τ2)ei
θ
2 − i sin(φ/2− s2τ2)e−i θ2 ,
cos(φ/2− s2τ2)e−i θ2 − i sin(φ/2− s2τ2)ei θ2 〉〉1|k2〉.
(8)
By performing Step 3 we connect the amplitude of the
unknown state with the measurement result of the third
BEC qubit using the entangling gate
1√
8N
N∑
k2,k3=0
√
Ck2N C
k3
N
× | cos(φ
2
− s2τ2)ei( θ2+s3τ3) − i sin(φ
2
− s2τ2)e−i( θ2−s3τ3),
cos(
φ
2
− s2τ2)e−i( θ2+s3τ3) − i sin(φ
2
− s2τ2)ei( θ2−s3τ3)〉〉1
× |k2〉|k3〉. (9)
After Step 4 we have the state
1
2N
N∑
k2,k3=0
√
Ck2N C
k3
N |Ak2k3(θ, φ), Bk2k3(θ, φ)〉〉1|k2〉|k3〉,
(10)
5where
Ak2k3(θ, φ) = cos(φ/2 − s2τ2) sin(pi/4 + θ/2 + s3τ3)
+ i sin(φ/2 − s2τ2) sin(pi/4− θ/2 + s3τ3),
Bk2k3(θ, φ) =− cos(φ/2− s2τ2) sin(pi/4− θ/2− s3τ3)
− i sin(φ/2 − s2τ2) sin(pi/4 + θ/2− s3τ3).
(11)
At this point correlations exist between the Sz eigenval-
ues of the second and third BEC qubits and the spherical
coordinates of the unknown state. The purpose of Steps
4 to 7 is to correlate the state of BEC qubit 4 to the
measurement outcomes k2 and k3. The final state before
the measurement step (after step 7) is
1
2N
N∑
k2,k3=0
√
Ck2N C
k3
N |Ak2k3(θ, φ), Bk2k3(θ, φ)〉〉1|k2〉|k3〉
× | cos(s3T3)e−is2T2 , sin(s3T3)eis2T2〉〉4. (12)
The probability distribution of the measurement is
p(k1, k2, k3) =
1
4N
Ck1N C
k2
N C
k3
N
× |Ak2k3(θ, φ)|2k1 |Bk2k3(θ, φ)|2N−2k1 .
(13)
If we consider separately the connection between k2
and φ and connection between k3 and θ the probability
distribution gives results which are similar to the equato-
rial teleportation case [21]. In Fig. 2(a) we see that there
is a sharp correlation between φ in the initial state and
the measurement outcomes k2, with little dependence on
θ. Figures 2(b)(c) show the sharp correlations between
θ and k3. The general features of Figs. 2(b) are qual-
itatively unchanged for |φ| < pi/2, with this swapping
over to Fig. 2(c) for |φ| > pi/2 (mod2pi). Thus there
is a swap in the sign of the gradient according to which
hemisphere Alice’s state lies in. As k1 is varied, the peak
positions shift as in the equatorial case. Figures 2(d)(e)
show the position of the peaks with varying k1. The nu-
merically determined points have perfect agreement with
the expressions
φpeak = arccos
( s1
N sin θ
)
θpeak = arcsin
(
s1
N cosφ
)
. (14)
We may thus deduce that with very high probability the
measured result will occur at
s2τ2 =
φ
2
− 1
2
arccos
( s1
N sin θ
)
(15)
s3τ3 = −Sgn(cosφ)θ
2
− 1
2
arcsin
(
s1
N cosφ
)
. (16)
Thus Bob’s qubit (12) becomes correlated with the orig-
inal state on Alice’s BEC qubit.
It may appear that the θ and φ dependence of the cor-
rection terms (the second terms on the right hand side
of (15) and (16) and the Sgn(cosφ) coefficient in (16))
would mean that it is necessary to know what Alice’s
initial state is in order to perform the classical correc-
tion. Fortunately, to a good approximation this is not
the case. Figure 3 shows the total probability distribu-
tion of the k1 measurement outcome. It shows that it is
generally always centered around either k1 = 0, N . On
the equator (Fig. 3(a)), the distribution resembles the
equatorial teleportation case [21]. Going off the equator
(Fig. 3(b)), the distribution slightly broadens towards
the center, but the correction term as shown in Fig. 2(d)
becomes more likely to be at its extreme values. Figs.
3(c)(d) show the probabilities of the k1 outcomes as a
function of θ. This shows that there is essentially no θ
dependence, but correlations exists between which hemi-
sphere φ lies in and the value of k1, such that we may say
that Sgn(cosφ) = Sgn(s1). These show that in practice
the correction factor is highly likely to be at the extremal
values of the arccos and arcsin functions, and may be ap-
proximated by pi(1−Sgn(s1))/2 and piSgn(s1)/2 instead.
Taking into account that sin θ ≥ 0 for 0 ≤ θ ≤ pi, an
approximate relation may then be obtained
s2τ2 =
φ
2
− pi(1 − Sgn(s1))
4
s3τ3 = −Sgn(s1)θ
2
− pi
4
. (17)
This gives the correction rule in Step 9. This completes
the full Bloch sphere teleportation and Bob has Alice’s
original spin coherent state to high probability.
III. PERFORMANCE AND COMPARISON TO
CLASSICAL STRATEGIES
We now discuss the performance of the full Bloch
sphere teleportation scheme. Figs. 4(a)(b) shows the av-
erage spin for the two schemes using various input states
on Alice. We see that in all cases the teleportation pro-
tocol gives Bob’s BEC qubit close to the ideal behavior
〈Sx/N〉 = cosφ sin θ
〈Sy/N〉 = sinφ sin θ
〈Sz/N〉 = cos θ. (18)
There is a dependence to the performance of the proto-
col depending on the particular k1 outcome, due to the
nature of the approximations that were used in deriving
the classical correction factors (17). Optimal results are
obtained when k1 is close to either 0 or N , when the
correction factors (17) are identical to (16). We thus in-
troduce a cutoff on k1 such that only the results k1 ≤ kcut1
and k1 ≥ N − kcut1 are kept. In an experiment this would
correspond to carrying out postselection with a limited
success probability of the protocol. Figs. 4(b)(c) shows
the dependence on the kcut1 parameter, which shows that
6for kcut1 = 0 virtually ideal teleportation is achieved. Even
without imposing the cutoff as in Fig. 4(a), the proto-
col works to a reasonable degree, although by imposing
a cutoff of kcut1 = 0.1N gives in practice very close results
to the ideal case (Fig. 4(b)).
An important issue when discussing quantum telepor-
tation is evaluating the “quantumness” of the protocol
[18, 29, 30]. Certainly in the sense that entanglement is
used to transmit information would suggest that quan-
tum mechanics is involved. What is however often use-
ful, as has been the case with qubit and CV teleporta-
tion, is to compare the performance of the protocol to
the best possible classical strategy of transmitting infor-
mation. If the protocol outperforms the best possible
classical strategy, then quantum mechanics must be in-
volved. Assuming that Alice has no knowledge of her
own state, the optimal classical strategy would be that
she performes the best possible estimate of her own state,
then classically transmits this to Bob. The problem of
optimally performing quantum state estimation (QSE)
for N copies of a qubit has been analyzed by Massar and
Popescu, where the average fidelity of the estimated state
is (N + 1)/(N + 2) [31]. Since our aim is to transfer a
spin coherent state, which is nothing but N copies of a
qubit, we may directly use this result. It is in our case
more convenient to compare trace distances rather than
fidelities, thus converting the result of Ref. [31] we obtain
the classical bound
εQSE ≥ 1√
N + 2
. (19)
where our definition of the trace distance comparing
Bob’s state with Alice’s original state is
E(θ, φ) = 1
2
[
(cosφ sin θ − 〈Sx
Bob
/N〉)2
+ (sinφ sin θ − 〈Sy
Bob
/N〉)2 + (cos θ − 〈Sz
Bob
/N〉)2
]1/2
.
(20)
The expectation value in (20) is defined with respect to
the state of Bob’s qubit after the teleportation procedure.
We shall call (19) the “QSE bound” as it is limited by
how well one can estimate an unknown state, but does
not consider communication between Alice and Bob.
In our protocol, there is another relevant bound to
compare against, since Alice sends only one classical bit
of information to Bob. Even if Alice has perfect knowl-
edge of her own state, we may consider what the best
possible classical strategy is by sending only one classi-
cal bit of information. If we assume that this is the only
communication that is allowed between the two parties,
then there is a limit to how well Bob can reproduce Al-
ice’s state. Given this restriction, the optimal strategy
Alice may perform is to tell Bob which hemisphere her
state lies in [21]. The average trace distance achievable
for an even distribution of Alice’s initial states can then
be calculated to be
εcomm =
1
2pi
∫ pi
0
dθ sin θ
∫ pi/2
−pi/2
dφ
× 1
2
√
(cosφ sin θ − 1)2 + sin2 φ sin2 θ + cos2 θ
≈ 0.47. (21)
We shall call the above the “communication bound”, as it
emphasizes the information is transferred between Alice
and Bob using a single bit.
In Fig. 4(c) we compare the various classical and
quantum strategies. We see that the teleportation pro-
tocol outperforms the classical bounds for communica-
tion εcomm for all values of the k
cut
1 parameter, including
the unconditional case. This can be attributed to entan-
glement between the BECs, which allows for a greater
amount of information to be sent beyond the binary vari-
able exchanged between Alice and Bob, an effect similar
to superdense conding [32]. In comparison to the quan-
tum state estimation bound εQSE we find that our telepor-
tation protocol requires postselection to beat the classical
bound for QSE. For the optimal case of kcut1 = 0, where
only the extremal outcomes of the k1 measurement are
taken, the classical QSE is beaten by the quantum strat-
egy for all N . For larger values of kcut1 , the classical cor-
rection becomes imperfect, and results in a greater error
of the final teleported state. For small N the kcut1 = 10
curve exceeds the QSE bound as it is equal to the un-
conditional case until N = 20. Beyond this, it gradually
performs better exceeding the classical QSE bound as N
increases.
The price of the higher fidelity of the teleportation is
a lower success probability, as shown in Fig. 4(d). Here
we plot the success probability, defined as
Psuc =
N∑
k2=0
N∑
k3=0
∑
k1≤k
cut
1
k1≥N−k
cut
1
p(k1, k2, k3). (22)
As seen in Fig. 3, most of the probability tends to be
concentrated towards either k1 = 0 or k1 = N , which is
favorable for a successful teleportation. The probabili-
ties plotted in Fig. 4(d) show very little variation with
particle number N and Alice’s initial state θ, φ. We see
a qualitatively similar behavior to that seen with equa-
torial teleportation [21], where there is a steady increase
towards 1 achieved at k1 = N/2 which is equivalent to
the unconditional case.
The superior performance of the quantum protocol can
be understood qualitatively in the following way. In the
classical strategy using QSE, the location of the initial
state on the Bloch sphere can be estimated with stan-
dard deviation Sj/N ∼ 1/√N . Meanwhile, the sharp
correlations of (13) give variations of order Sj/N ∼ 1/N ,
which allows for smaller fluctuations of the teleported
state, giving rise to a lower error ε. As quantified by
the classical communication bound εcomm, the classically
7transmitted variable σ1 cannot directly be used to re-
cover the precise information about Alice’s state, only at
best which hemisphere the state lies in. If we compare
to a classical protocol that is limited by how much infor-
mation that can be transferred between Alice and Bob
then our protocol easily beats the classical limits as en-
tanglement is used as a resource. However, beating the
QSE bound is more difficult as having N copies of a state
allows for increasingly better estimates of the state with
N . This makes beating this bound a more difficult task,
requiring postselection to exceed the classical bound.
Interestingly, the performance of the full Bloch sphere
protocol as discussed in this paper appears to perform
better in comparison to the previous equatorial telepor-
tation [21]. Comparison of Fig. 4(c) in this paper with
Fig. 2b of [21] shows equivalent calculations for the full
Bloch sphere scheme and the equatorial scheme, with
the same parameters. For the equatorial teleportation
scheme with kcut1 = 10, the classical QSE bound is ex-
ceeded when N ≈ 60. On the other hand, for our current
results, the classical bound is exceed at N ≈ 35. This
may be explained by the fact that the QSE bounds for
the two cases are different, with the equatorial QSE being
lower than the full Bloch sphere QSE bound, as there is
less information that requires estimation. In addition, in
the full Bloch sphere case two quantum channels are used
between Alice and Bob, which allows for more resources
to be used. We attribute this behavior to a combination
of both of these effects.
IV. EXPERIMENTAL REALIZATION
A. Required Operations
As discussed in the introduction, our protocol is suit-
able both for spin ensembles and spinor Bose-Einstein
condensates. In this section we will discuss the imple-
mentation with spinor Bose-Einstein condensates, as we
anticipate that this will be the most suitable platform
for performing the types of operations that are required
for teleportation. Specifically, we consider an implemen-
tation using atom chips, where multiple BECs can be
realized and coherently controlled. In our scheme several
BEC spin coherent states need to be prepared, manip-
ulated, entangled together, and measured. Specifically,
the basic operations that our protocol assumes are the
following:
• Coherent spin rotations corresponding to applica-
tions of the Hamiltonians Sx,y,z
• Projective measurements which collapse the coher-
ent state onto the number basis |k〉
• Two BEC qubit interactions corresponding to Sz1Sz2
We now discuss the feasibility of each of these operations.
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FIG. 4: Performance of the teleportation scheme. (a) Aver-
age spins of Bob’s BEC qubit for Alice’s initial state along
θ = pi/2 for kcut1 = 0 (solid lines) and N = 100. Other
lines corresponds to no kcut1 parameter imposed (dotted lines),
and Alice’s original state (dashed lines). (b) Average spins
of Bob’s BEC qubit for Alice’s initial state along φ = 0 for
kcut1 = 0 (solid lines) and N = 100. Other lines corresponds
to imposing the postselection parameter is kcut1 = 10 (dotted
lines), and Alice’s original state (dashed lines). (c) Error, as
measured by the trace distance, of the teleportation scheme
as a function of the boson number N . The error bound εcomm
corresponding to the minimum average error due to exchange
of a classical binary variable, and the error bound due to
quantum state estimation (QSE) εQSE are shown. (d) The
success probability Psuc for the postselection parameter k
cut
1
with θ = pi/2 and φ = 0 and the particle numbers as shown.
Coherent spin rotations have been already experimen-
tally realized for two-component BECs [33, 34]. Typi-
cally the states used as the logical states of (4) are the
|F = 1,mF = −1〉 and |F = 2,mF = 1〉 hyperfine states
[35]. Single BEC qubit control is then achieved by a com-
bination of microwave and radio frequency pulses which
in combination with the natural energy difference be-
tween these states allow for full Bloch sphere control.
Another alternative is to use optical pulses via a Raman
passage through an excited state [22]. Experimental gate
times for single BEC qubit control has been realized with
microwave and radio frequency pulses are in the range of
∼ ms. Using the optical approach, gate times have been
estimated to be in the range of ∼ µs [22].
Projective measurements can be performed using ei-
ther absorption or fluorescent imaging [36–38], which de-
stroy the BEC in the process. Other non-destructive
measurement methods which leave the BEC intact such
as phase contrast imaging could also be used in the strong
measurement limit [39, 40]. Either method is compati-
ble with the current protocol as after the measurement
the BECs are no longer used. Of the three types of op-
erations that are required for the protocol, single BEC
coherent manipulation and measurements are routinely
performed experimentally.
8Two BEC qubit entanglement is yet to be demon-
strated, but there are several potential methods avail-
able. The first possibility is using mutually connected
optical cavities [41]. Such cavity based techniques are
based upon the realization of strong coupling of a BEC
to a cavity [42] which allow for the coherent exchange of
a photon to the BEC. In the scheme proposed in Ref.
[41], a photon mediated Sz1S
z
2 interaction is produced
by a fourth order excitation-relaxation process. Another
approach is using state dependent collisions generalizing
the approach initially proposed for single atoms [43]. A
variation of the coupled optical cavity approach but us-
ing a generalization of geometric phase gates is another
possibility [44]. The recent achievement of entanglement
between a BEC and an atom [45] would suggest that a
two-BEC interaction is within experimental reach. Gate
times for the τ, T = 1/
√
2N entangling times that are
necessary in the teleportation protocol introduced here
are estimated to be in the region of ∼ 15 µs for the cavity
method [46]. This is much less than the natural dephas-
ing times as measured in experiments, which have been
measured to be in the region of seconds [34, 35]. How-
ever, one should take into account that the procedure
to general the entanglement also creates an effective de-
phasing [41]. Past estimates on the various methods sug-
gests that even in the presence of the excess decoherence,
entangled states corresponding to the τ, T = 1/
√
2N en-
tangling times should be possible [41, 44, 46].
B. Decoherence
As we are dealing with macroscopic objects such
as BECs and spin ensembles, it is a natural question
whether the effects of decoherence would be amplified
rendering the current protocol useless under realistic cir-
cumstances. While one would expect that macroscopic
objects such as BECs or spin ensembles to not survive in
the presence of decoherence, as discussed in the introduc-
tion, this depends critically on the type of quantum state
that is involved. This was studied in detail in Ref. [28]
and was shown that the τ, T = 1/
√
2N entangled states
decay were relatively robust against decoherence. Spin
coherent states also have similar decoherence character-
istics to standard qubits, and have no dependence on the
particle number N [23]. Decoherence characteristics of
the equatorial teleportation scheme were studied in [21],
and were found to behave favorably with N . Since our
current protocol is simply an extension of the scheme, we
expect the same general behavior.
To confirm this, let us analyze the behavior of the pro-
tocol under a generic dephasing process, which can be
described by the master equation
dρ(t)
dt
= −i[H(t), ρ]− γ
2
4∑
n=1
[
(Szn)
2ρ− 2SznρSzn + ρ(Szn)2
]
.
(23)
Here H(t) refers to the Hamiltonian sequence described
in Sec. II. The two BEC entangling operations SzSz are
expected to be the main contribution to decoherence, as
these take the longest time to implement, and the proce-
dure to implement it is expected to give rise to various
dephasing processes [41]. Hence we assume that the de-
phasing acts during Steps 1, 3, 5, and 7 but not during
single BEC qubit operations or measurement.
To calculate the decoherence, we use a phenomeno-
logical approach to approximate the evolution of (23).
Starting from a general state |ψ(0)〉 = ∑k ψk|k〉, with
H(t) = 0 in (23), the state evolves to
ρ(t) =
∑
kk′
ψkψ
∗
ke
−2γt(k−k′)2 |k〉〈k′|. (24)
These dynamics can be reproduced by assuming that the
dephasing process produces a random phase
|ψ(ξ)〉 = eiξSz |ψ〉 =
∑
k
ψke
i(2k−N)ξ|k〉, (25)
where the random phase ξ is probabilistically distributed
by a Gaussian with variance γt. The density matrix may
then be reconstructed to be
ρ(t) =
1√
2piγt
∫ ∞
−∞
dξ exp(− ξ
2
2γt
)|ψ(ξ)〉〈ψ(ξ)|, (26)
which can be evaluated to be identical to (24).
Performing this procedure on the teleportation process
Sec. II, we obtain the following expression for Bob’s state
after the measurement Step 7
ρStep7 =
1
2piγ
√
T2T3
∫
dξ
∫
dξ′ exp(− ξ
2
2γT3
− ξ
′2
2γT2
)
× | cos(s3T3 + ξ)e−is2T2+ξ
′
, sin(s3T3 + ξ)e
is2T2+ξ
′〉〉
× 〈〈cos(s3T3 + ξ)e−is2T2+ξ
′
, sin(s3T3 + ξ)e
is2T2+ξ
′ |
(27)
where the measurement outcomes occurs with probability
pdec(k1, k2, k3) =
1
2piγ
√
τ2τ3
∫
dξ
∫
dξ′ exp(− ξ
2
2γτ3
− ξ
′2
2γτ2
)
× 1
4N
Ck1N C
k2
N C
k3
N |Ak2k3(θ + 2ξ, φ+ 2ξ′)|2k1
× |Bk2k3(θ + 2ξ, φ+ 2ξ′)|2N−2k1 . (28)
The measurement probability distribution (28) without
and with dephasing is plotted in Fig. 5(a) and 5(b) re-
spectively. We see that the dephasing broadens the prob-
ability distribution, a similar result to that found in the
equatorial teleportation case [21]. The effects of the de-
phasing is thus to loosen the correlations between Alice’s
original state and the measurement outcome, which in
turn broadens the distributions of Bob’s final state. The
dephasing also acts to dephase Bob’s BEC qubit itself,
as may be seen from (27). These two effects contribute
to a reduced fidelity of the teleportation protocol.
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FIG. 5: Effects of dephasing on the teleportation protocol. (a)
Measurement probability distribution (13) with no dephasing
and (b) distribution (28) including dephasing. Parameters
used are N = 20, γ = 1, k1 = N , k3 = N/2, θ = pi/2.
(c) (d) Bob’s resulting state in the presence of dephasing for
the particle numbers shown (solid and dotted lines), and the
ideal case (dashed line). Parameters used are γ = 1, θ = pi/2,
kcut1 = 0.
Figs. 5(c)(d) show Bob’s output state for two particle
numbers N = 6, 20 under dephasing. We see that as with
equatorial teleportation, the performance improves with
N . As discussed in more detail in Ref. [21], this is due
to the nature of the entangling gates taking a physically
shorter time τ, T ∼ 1/
√
N , thus resulting in less time
for the dephasing to affect the state. In the sense that
the fidelity actually improves when N is increased shows
the robustness of the protocol under decoherence. This
behavior would be the reverse if other types of entangled
states were used, such as those involving Schrodinger cat
states, which would behave catastrophically under de-
phasing. We thus find that the full Bloch sphere telepor-
tation scheme as introduced in this paper has a similar
behavior as equatorial teleportation under decoherence,
with a favorable scaling towards large scale systems.
V. CONCLUSIONS
We have introduced a protocol that teleports a spin
coherent state with an arbitrary position on the Bloch
sphere to another spin coherent state via shared entan-
glement. In contrast to the previously introduced equato-
rial teleportation scheme of Ref. [21] which required one
auxiliary, or ancilla, BEC or spin ensemble, the scheme
introduced here requires two ancilla BECs or ensembles.
The ancilla spin coherent states are used to create two
different quantum channels for transmitting the θ and
φ spherical coordinates of Alice’s original spin coherent
state. As with standard qubit teleportation, classical
information needs to be sent in order to “correct” the
transmitted state. We identified two types of classical
bounds, one based on quantum state estimation, where
Alice estimates her state the best she can, and sends
this information to Bob. Another bound, based on how
much information is sent between Alice and Bob was also
introduced. The communication bound is broken uncon-
ditionally, but the quantum state estimation bound re-
quires postselection to break the classical bound. Under
dephasing we find that the protocol scales favorably as
the equatorial teleportation case, with the fidelity im-
proving with increasing N . This is attributed to the use
of entangled states of a time τ, T = 1/
√
2N which are
relatively robust against dephasing [28].
The method explicitly works beyond the standard CV
regime based on canonical position and momentum vari-
ables. Under the CV approximation, only spin coherent
states in the vicinity of a polarized direction may be tele-
ported. The beyond-CV techniques, first introduced in
Refs. [21, 23] and generalized in this paper, allows for
utilizing a larger portion of the total Hilbert space of the
BECs and spin ensembles. This allows for an alternative
approach to performing quantum information processing,
that is not within the standard qubit or CV formalism
[23]. Encoding quantum information on spin coherent
states is attractive as contains a natural duplication of
qubit information, making it robust against decohering
processes such as loss. The addition of full Bloch sphere
teleportation to the list of possible quantum algorithms
possible using the framework [21, 23, 25–27] shows the
potential of the approach as avenue towards realizing a
quantum information processor.
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